We show that a logical framework, based around a fragment of existential second-order logic formerly proposed by others so as to capture the class of polynomially-bounded P-optimisation problems, cannot hope to do so, under the assumption that P = NP. We do this by exhibiting polynomially-bounded maximisation and minimisation problems that can be expressed in the framework but whose decision versions are NPcomplete. We propose an alternative logical framework, based around inflationary fixed-point logic, and show that we can capture the above classes of optimisation problems. We use the inductive depth of an inflationary fixed-point as a means to describe the objective functions of the instances of our optimisation problems.
Introduction
The theory of computational complexity is primarily concerned with the classification of decision problems, and although many (NP-complete) decision problems are actually decision versions of more natural optimisation problems, the classification of optimisation problems does not fit naturally into many of the available standard classification frameworks. While there do exist criteria against which we can classify optimisation problems, such as according to their approximation properties [11] , it was not until Papadimitriou and Yannakakis [18] proposed the use of existential second-order logic as a means for classification that a natural and robust framework became available. The classification of optimisation problems within this logical framework was subsequently significantly clarified by Panconesi and Ranjan [17] and Kolaitis and Thakur [13, 14] (we briefly explain Kolaitis and Thakur's work later).
The optimisation problems considered in the papers above are (polynomiallybounded) NP-optimisation problems. The class of (polynomially-bounded) P-optimisation problems is an important sub-class of optimisation problems. Typical of P-optimisation problems are the maximum unit flow problem, the maximum 2-satisfiability problem, the minimum shortest-path problem and the minimum cut problem. In [16] , Manyem attempted to logically capture the class of polynomially-bounded P-optimisation problems by utilizing a fragment of existential second-order logic (where the first-order part of any formula is a universally-quantified Horn formula) which is known to capture the class of decision problems P (on ordered structures; this characterization was due to Grädel [6] ). As we demonstrate here, proceeding as Manyem suggests results in failure (assuming that P = NP), for there are polynomially-bounded optimisation problems that can be expressed within his logical framework but whose associated decision problems are NP-complete (by definition, an NP-optimisation problem is a P-optimisation problem if its associated decision problem is in P). However, we present a new framework based around inflationary fixed-point logic and where we use the inductive depth of an inflationary fixed-point as a mechanism by which to compute the values of the objective functions of the instances of our optimisation problems. We show that the classes of polynomially-bounded P-maximisation problems and polynomially-bounded P-minimisation problems can be captured within our framework.
A Framework for Classification
In this section, we define classes of (non-deterministic polynomial-time) optimisation problems and provide logical frameworks for the classification of such problems. These classes and frameworks come from [13, 14, 17, 18] . Furthermore, we present some classification results from [13, 14] . In addition, we refine definitions and notions from [1, 16] . In particular, we define classes of (deterministic) polynomial-time optimisation problems and we explain how the logical framework presented in [1, 16] , together with the subsequent analysis, was somewhat incongruous.
P-Optimisation Problems
We begin by defining what we mean by a polynomial-time optimisation problem, or P-optimisation problem for short. The class of optimisation problems consists of the class of maximisation problems in union with the class of minimisation problems. The maximisation (resp. minimisation) problem Q is a P-maximisation problem (resp. P-minimisation problem) if :
